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The transformation 7 — % which is thought to play a dominant role in the decay mode # — 7*z—x?,
is examined in the light of unitary symmetry and several different models for  decay. Beside the models
of Gell-Mann, Sharp, and Wagner (GSW), and of Barrett and Barton (BB), these include the strong
coupling of pseudoscalar and vector meson octets with the unitary singlet vector meson ¢, and the electro-
magnetic coupling of pseudoscalar and vector mesons. Group-theoretical methods are used to confirm
that the contributions of all but one of the lowest order diagrams on the GSW model cancel one another.
The same methods show that the cancellations in lowest order are not as serious for the BB model, and are

nonexistent for models involving the ¢ meson.

INTRODUCTION

N the unitary symmetry scheme of Gell-Mann and
Ne’eman,! the particles of a given unitary multiplet
can be classified not only by means of the isotopic-spin
subgroup of U(3), but also by two other U(2) sub-
groups of U(3).27% These alternative classifications have
proved to be very useful tools for predicting relations
between strong-interaction processes,*® and for studying
the electromagnetic properties of elementary particles.®
Their usefulness can further be illustrated by a study
of various models for the process n — #°.

Recent experimental data’ appear to confirm the pro-
posal of Barton and Rosen?® that the decay n — w7~
proceeds mainly through a single-pion intermediate
state. While the precise mechanism by which the  trans-
forms into a neutral pion has no effect on the spectrum
of the final state, it is of considerable interest if we wish
to relate the properties of n— mtz—=® to those of other
7n decay modes. In their original work, Barton and Rosen
make use of the model of Gell-Mann, Sharp, and
Wagner,? according to which all modes of n decay are
dominated by a strong primary dissociation into two
virtual vector mesons; the single-pion intermediate
state is then reached by means of electromagnetic inter-
actions, Further investigation® has revealed, however,
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that, under the assumption of unitary symmetry, the
contributions to the matrix element (y|7%) from many
of the lowest order diagrams cancel one another,
Because of this result, it becomes worthwhile to consider
the transformation 7 — 7° on the basis of other models
for n decay.

One alternative to the GSW model is the model of
Barrett and Barton.!! These authors assume that the
1 undergoes a strong primary dissociation into baryon-
antibaryon pairs; the rate for n — 2y can be calculated
in the same way as the rate for 7° — 2y, and n — 77 —7°
appears to be dominated by the single pion intermediate
state.? Another model can be obtained by coupling
the octets of pseudoscalar and vector mesons with the
unitary singlet vector meson ¢.** Also, because the
quantum numbers of the' 5 require its decay modes to
proceed via electromagnetic interactions, it may not
be unreasonable to assume that the n undergoes a
primary dissociation into a vector meson and a photon.

Here we shall show that the cancellations among the
lowest order diagrams of the GSW model can be
established by the group theoretical methods mentioned
above. It is a relatively simple matter to apply these
methods to the other models in order to find out where
cancellations occur, and which diagrams can be ex-
pected to dominate g — .

In the next section we show how the various classi-
ficationschemes for particlesin a given unitary multiplet
can be obtained, and then derive expressions, in unitary
spin space, for electromagnetic and strong interactions.
The lowest order diagrams for n — 7° are considered in
the third section, and the conclusions to be drawn from
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Taste I. Classification of pseudoscalar mesons as
eigenstates of (12,L;,Y7).

Yy L Eigenstates
1 3 T, —Ko
0 1 K+) "15(71'04‘\/377), —K-
0 0 3(V3r0—n)

—1 3 K, 7~

this analysis are presented in Sec. 4. Useful mathe-
matical identities are discussed in the Appendix.

MATHEMATICAL FORMULATION

It is convenient to adopt Okubo’s formalism®® for
unitary symmetry. The generators 4,# of infinitesimal
transformations in U(3) obey the commutation rules

[Ap* A} ]= 05,2 —5,%A g ey

and the unitary restriction

(Av“)TzA#v- (2)
They can be divided into three setsS:

T+= —‘Alz, T _= —A21, Taz%(A 2'—/111), YT=A33,
with 3)
To=T1£iTs;

Liy=—A3, L.=—A43, Ly=1(43—A), V. =42,
with 4)
L:thl:L'iLz;

Ki=—A4# K.=—A42 Ki=L1(Ap—AP), VYr=A41,
with ®)
Ki=K1:|:iK2;

each containing an angular-momentum type operator
and a corresponding hypercharge. The first set (3) is
identified with isotopic spin and the usual hypercharge

where B denotes baryon number and S strangeness. We
use only those representations U(f1,fs,f3) of U(3) for
which?5:16

A+ AP+ Ad= [i+ fot f3=0; (N
with the aid of (6) and (7), we can then make the
following identifications:

Q=—44,
Ly=3Q+Yr), Yi=0Q—Yn), @®)
K3;=3(Q2Y7—Q), Yg=-0Q,

where Q is the electric charge operator.

15 S, Okubo, Progr. Theoret. Phys. (Kyoto) 27, 949 (1962).

16 S, Okubo, Phys. Letters 4, 14 (1963). In this paper Okubo
points out the equivalence between representations U ( fi, f, f35) of
U (3), for which fi+ fa+ f5=0 and representations of SU(3).
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The pseudoscalar mesons form a basis for the repre-
sentation U(1,0, —1) and can be classified as eigen-
states of either (T2,T5,Yr), (12,L3, V1), or (KLK3,Vk);
the classifications according to the second and third
sets of operators are shown in Tables I and II. Corre-
sponding classifications for vector mesons and meta-
stable baryons are obtained from the substitutions

f—g M, ©
where!® )
(7,.+’ ot ) st
0 o >0
T ' -
f=i{n|, g=| o |, M=|A (10)
Kt K*+ P
KO K*0 n
Ko Ko 50
\K—J \K*__, \E_4

In this notation the electromagnetic currents of
baryons and mesons are'’

J(M)=MQM=—MAM,

J(H=jof =—JAlf,

J(9)=g0s =—gdi'g.
Each one behaves under the transformations of!¢ SU(3)
as the Ri' component of a traceless tensor R,*. The
current J(fg) describing the electromagnetic interac-
tion of vector mesons with pseudoscalar mesons is as-
sumed to behave in the same way ; however, because 7°

is even under charge conjugation while p° is odd," its
form is different from the currents in (11), viz,

J(fg)=3gLAN AP+ AP A\ —24:47],

(11)

(12)

A:A=A¢4 )= 242+ f242(A—fs) (13)

for a representation U(f1,fs,fs). With the aid of the
commutation relations (1) and the identity (see the
Appendix),

where

AVAP=3AA-30+GO-R), (19
J (fg) can be rewritten as
J(fg)=3g34: A+3Q0*—2K*]7. (15)

This expression leads to the same relations among the

TaBLE II. Classification of pseudoscalar mesons as
eigenstates of (K2,K;,Vk).

Yk K Eigenstates
1 3 T, —K~ _
0 1 K07 %("7"0+‘/3-7l)’ K°
0 0 3 (V37+n)

-1 3 (K+, =)

17 Throughout this paper, the space-time structure of inter-
actions is suppressed.
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F1c. 1. Lowest-order diagrams for n — #® based on the
model of Gell-Mann, Sharp, and Wagner (Ref. 9).

coupling constants for processes g — f-+7v as are given
by Okubo.!®

Equations (11) and (15) show clearly that the electro-
magnetic interactions are invariant under rotations of
K spin.® This fact can be used to determine the form
of the effective current J(sg) corresponding to the
transformations

P, (16)

It can be seen from Table IT and Eqgs. (9) and (10),
that the only K-spin scalar which can be formed from
the vector mesons is 3 (V3p°+w) : hence, J(sg) must be
proportional to %(V3p'4-w).

To express this result formally, we introduce a spurion
s with the same spin, parity and charge conjugation
parity as the #°. Under the transformations of SU(3),
s behaves like an octet with only one nonvanishing
component, namely, the K-spin zero component. The
effective current for (16) can now be written in the
same form as J (fg):

J(sg)=%g[34: A+310*—2KTs. (17

The strong interactions of baryons and pseudoscalar
mesons are expressed in the usual trilinear form. To
obtain their structure in SU(3) space, we note that the
outer product of the baryon octet with the antibaryon
octet contains two distinct octets, which may be
taken as

MAMM and M[AyA}—1644:4A0M.

The most general, SU(3) invariant, interaction will
then be a linear combination of the inner products of
these octets with the pseudoscalar meson octet.

w—.

ROSEN

In the discussion of the next section, we shall need
only those terms containing the  and #° fields. They are

H(qM)=nM[aAd3+B(A3A?—34:4)IM  (18)
and
H (M) = (n°/N2) M[o(A 11— A7)
+B(ANAPr—A2AMNIM . (19)

By means of Egs. (3)-(9) and identities similar to (14)
(see the Appendix), these can be rewritten as

H@M)=9M{aVr+BGA: A+5Y s
_ +1V2=THIM, (20)
H(r"M) = (x°/N2) [ — 20T

+B(—3Ts+3TsVr+12—K2) M. (21)
The strong interactions of pseudoscalar and vector

mesons can be treated exactly as above, and the terms
we shall need are

H(g)=ng[vYr1+8GA: A+3Y 5V =T g, (22)
H(n°g)= (x°/V2)gL—2~Ts
+6(—=3Ts+3TsV r+12—K2)Jg. (23)

For convenience, we take the constants «, 8, v, § to
be real, so that the operators standing between M and
M in (20) and (21) and between § and g in (22) and (23)

are Hermitian.

THE TRANSFORMATION 3 — x¢

The lowest order diagrams for n — #* arising from the
GSW model are shown in Fig. (1), and those arising
from the BB model are shown in Fig. (2). In the first
three diagrams of Fig. (3), the n dissociates into a vector
meson and a photon; the second two diagrams arise

I
Y] T 1 m
(@) _ (b)
p
P
(¢)
5 ="
= =*
(d) (e)

I'16. 2. Lowest-order diagrams for  — =0 based on the
model of Barrett and Barton (Ref. 11).
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Fi16. 3. Lowest-order diagrams for 7 — #? involving
the unitary-singlet vector meson .

from the strong coupling of ¢ with the octets of pseudo-
scalar and vector mesons.

Diagrams 3(a), 3(b), and 1(a), 1(b)

From the point of view of unitary symmetry, the
simplest diagrams to consider are those of Figs. 3(a) and
3(b). The interactions at the n and #? vertices are both
proportional to J(fg) [Eqgs. (12) and (15)], and hence,
the sum of the matrix elements for these diagrams is
proportional to
(| (f8)7 (fg) )

=35(n|[34: 4+30*— 2K P|x). (24)

Because 5 and #° belong to a basis of the representation
U(1,0, —1), we obtain from (13)
A:4=6. (25)

The matrix element on the right-hand side of (24) now
reduces to

Ry=(n|[1-KF|n). (26)

We see from Table II that n and #° are the following
linear combinations of eigenstates of!8 K2:

Im=3{|K=0)+V3|K=1)},

2
=308 K=0— |K=1). 7
It is now easy to show that
R.=0 (28)

and, hence, the contributions of diagrams 3(a) and
3(b) to the matrix element {n|n’) cancel one another.

18 The notation |K=0), etc., corresponds to states with
K3=Yg=0; similarly |T=0), etc., are states with Ts=Y¥p=0.
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Consider next diagrams 1(a) and 1(b) : the interaction
at the n0 vertex is again J(fg), but at the n vertex it is
now H(ng) [Eq. (22)]. The interaction for p — v and
w —> v is proportional to J(sg) in Eq. (17). Notice that
we indicate the emission of a spurion in both diagrams.
This is done to emphasize the point that the corre-
sponding matrix element is (s|O|#%, rather than
(0| =), where O is an operator in SU(3) space.
Because of the particular structure of H(ng), the only
effect of the  vertex is to introduce a factor

N =aVr+BEA:A+3Y 3V =T (29)

into O. It now follows that the total matrix element for
diagrams 1(a) and 1(b) is

Ry=(s|J (sg)N ()T (fg) | 7).
Using Egs. (15), (17), (25), and (29), we find
Ry= (4/9)¢s| 1 - K[y Y r+6(1+ 3V r+3Y 7 —T2)]
X[1—K=]|#%. (31)
From (27) and the fact s is the K=0 member of an
octet, it follows that
Ry=(2/9(K=0[[vVr+o(1+3Vr+1V =T ]
X{B|K=0)+|K=1)}. (32)
The eigenstates of K spin can be re-expressed in terms

of eigenstates of isotopic spin with!® 7=0, 1 and
T3=.YT=OI

|K=0)=3{B3|T=1)+|T=0)},

(30)

33

|[K=1)=H{—|T=1)+V3|T=0)}. (33)
Substituting (33) into (32), we find that

Ry=0. (34)

Therefore the contributions of diagrams 1(a) and 1(b)
cancel one another.

Diagrams 1(c), 1(d) and 2(a), 2(b)

If we regard the vertices p <> w as representing the
processes
(35)

prycw,

then, from considerations similar to those for diagrams
1(a), 1(b), the total matrix element for diagrams 1(c)

and 1(d) is
Rs=(s|J (sg)N (9)P ()T (s9)|5), (36)

where
P(g)=[~2vTs+8(—3Ts+3T:Vr+L—K2)]. (37)

Just as the factor N(g) arises at the n vertex because
of the structure of H(ng), so the factor P(g) arises at
the n° vertex as a consequence of the structure of
H(n%) [see Eq. (23)]. From (17), (25), and the fact
that |s) is a state with K =0, we obtain

Ry= (4/9)(K=0|N(g)P(g) | K=0). (38)
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By means of (33) and the relation

[—5T3Yr+2(L2—K) ]| 7,75,V 1)
=28(1-)(A-2TP[(1=1),T5,Yr) (39)

for states of unitary octet (see Appendix), it is easy to
show that
R;=0. (40)

The cancellation of diagrams 1(c) and 1(d) can be
shown in a more general fashion. Let us suppose that
there exists an effective interaction for w<>p, the
origin of which is not relevant here; expressed in terms
of the various spin-type operators, it takes the form
(see Appendix)

H(wp)=g[—5Ts¥Yr+2(L>—K2)Jg. (41)

Diagrams 1(c) and 1(d) contain closed loops of vector
mesons, and therefore the total matrix element for
them will be proportional to the trace, in SU(3) space,
of the product of the operators at each vertex, viz.,

Ry=Tr(N(9)H (wp)P(g))

= Zb (a| N (g) [)0| H(wp) [c)c| P(g)la), (42)

where a, b, ¢ denote states of the vector meson octet.
The only nonvanishing matrix elements of H (wp) are,'®
from (39),

(T=0|H(wp)| T=1)=(T=1|H(wp)| T=0)=2V3. "(43)

Equations (29), (37), (39), and (43) can then be used to
show that
R:=0.

Since Z° and A° behave, under the transformations of
SU(3), in exactly the same way as p° and w, respectively,
the same argument can be used to show that the con-
tributions of diagrams 2(a) and 2(b) to {n|7°) cancel
one another.

(44)

Diagrams 1(e), 1(f) and 2(c), 2(d), 2(e)

To evaluate the contributions of diagrams 1(e) and
1(f) to (y| 7%, we note that they also contain closed loops
of vector mesons. Hence the sum of their matrix
elements is proportional to

Rs=T1[N ()] (9)P(g)J (&)]- (43)
From the expression for J(g) in Eq. (11), we obtain
R5=Xi QuQ(a| N ()| 6)01 P(g) | ), (46)

where Q, and Q, denote the electric charges of the
states ¢ and b of the vector-meson octet. From (25)
and (29), we obtain

(pilN(g) Ipi>: "51
(K*%| N (g) | K**¥)= y+38(1£3),
(p*|N(9) [ pT)=(K**:| N (¢) | K*F)=0;

(47)

P. ROSEN

similarly, from (37) and (39), we obtain

(p*| P(g)] p%)=F (2v+35),
(K**| P(g)| K**)=Fvy+36(3F3).

Equations (47) and (48) show that the contribution to
Ry from p-meson states is zero. To understand this
result, we note that in diagram 1(e) the p mesons are
emitted at the 5 vertex in a pure 7'=0 state; the ex-
change of a photon does not alter this state, and hence
the p mesons cannot annihilate to form a 7= 1 7 meson.

It is also apparent from (47) and (48) that the con-
tributions from K*-meson states do not vanish for
arbitrary values of v, 6. They will only do so when the
nature of the strong interaction between pseudoscalar
and vector mesons, as determined by the coupling
constants v, 8, in (22) and (23), is such as to cause an
accidental cancellation.

The same analysis can be used to show that, while
the diagram 2(e) gives no contribution to (y|=°), the
contributions from 2(c) and 2(d) will only cancel each
other for a particular choice of the SU(3) invariant
strong interactions of pseudoscalar mesons and baryons.

(48)

Diagrams 3(c), 3(d), and 3 (e)

If the unitary octets of pseudoscalar and vector
mesons are strongly coupled to the unitary singlet
vector meson ¢, then the transformation 5 — =° can
occur as in diagrams 3(d) and 3 (e). These diagrams have
different structures in SU(3) space, and, therefore, they
cannot cancel one another for reasons of unitary
symmetry alone,

The lowest order diagram involving the dissociation
of the 5 into the ¢ vector meson and a photon is shown
in Fig. 3(c). Since there are no other diagrams of the
same order, there will be no cancellations.

CONCLUSIONS

The preceding discussion shows that, as a consequence
of unitary symmetry, the only diagrams which can con-
tribute to {n|=?) are:

(a) Figure 1(f) for the GSW model®;

(b) Figures 2(c) and 2(d) for the BB model";

(c) Figures 3(d) and 3(e) for the model based on the
strong interactions of the unitary singlet ¢**; and

(d) Figure 3(c) for the model based on the electro-
magnetic coupling of pseudoscalar mesons with ¢.

The most serious cancellation occurs in the GSW model,
where only one out of six diagrams survives. In the
BB model, two of the five possible diagrams do not
cancel, and in the ¢-meson models there are no cancella-
tions in lowest order.

To make a choice between these models, it will be
necessary first to find out how seriously the above
results are disturbed by the strong interactions that
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violate unitary symmetry; and secondly, to com-
pare their predictions for n decay modes other than
n— 70— whr a0,
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APPENDIX

(i) The following identity can be proved by means
of the commutation relations in Eq. (1):

AAVAP =24 A+2(A10)2H2(3A 0 — A8 — 24245

—2APAR— (AP—AR)P— (Al— A2 (49)
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From (5), (7), and (8), it then follows that

AVAP=34:4—-30+10—Ke.
Similarly,
A)\QAz)‘E%AZA+%YL+%YL2—L2. (51)

The identities in (50) and (51) are the analogs of
Okubo’s identity? for 4,343

(il) Equation (39) is an ad hoc result which applies
to the states forming a basis for the representation
U(1,0, —1) of U(3). It can be verified with the aid of
Tables I and II, but the author has not found a proof
for it.

(i) For reasons of charge conjugation invariance,
we require H (wp) to be of the form?’

(50)

plwtwpd.
Equation (41) is then a simple consequence of Eq. (39).
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Theory of Spin-i Particles with Parity-Nonconserving Interactions™®
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It is shown that when interactions are not invariant under parity conjugation, both the self-mass term
(—dmyyy) and the term (—adyu vsdy/d%,) are induced by the self-interaction of any spin-} particle with
nonvanishing mass. (For simplicity T invariance is assumed.) When @?>1, the spin-} particle propagates
in vacuum faster than the velocity of light. When a?=1, the observed mass should be zero. Therefore, it
follows that a?<1 for any spin-} particle with nonvanishing mass. Since 1>4¢2>% implies the existence of
ghost states, one must require a?< 3. Although ¢ has no physical meaning for free particles, as an example,
it is also shown that it has a physical meaning when a charged particle is interacting with an external electro-
magnetic field. The value of a is estimated for the electron and the muon.

1. INTRODUCTION AND SUMMARY

HE purpose of this work is to study the properties
spin-3 particles possess as a result of parity-
nonconserving interactions. To outline our discussions
givenhere, we shall tentatively start from the Lagrangian
density

) 9
L=L1+L2, L1= —‘l/(x)[')’u“_*"mo]'l/(x) ) (1)
i}

X

for a spin-} field ¢ with mechanical mass mo, where Ly is
not invariant under C or P transformation but is in-
variant under CP (or T) transformation. For simplicity
weshall consider only C P-invariant interactions through-
out this paper.

Since the free particle is interacting with its self-field,
L; does not express the free part of the Lagrangian
density for the dressed spin- field considered. When all

* Work performed under the auspices of the U. S. Atomic
Energy Commission.

1 On leave of absence from the Research Institute for Funda-
mental Physics, Kyoto University, Kyoto, Japan.

interactions are renormalizable and invariant under
both C and P transformations, as is well known,
(Li—8mynp) is the free part of the Lagrangian density
for the dressed particle, where dm is the self-energy of
the particle. In our more general case it will be shown in
Sec. 2 that, in addition to the self-mass term, the self-
interaction induces another term (—ayvy,vs-0¥/0x,),
where vy2=1 and a is a real constant. This term should
be added to the free part of the Lagrangian density and
consequently be subtracted from Ls, as the self-mass
term is, to perform the renormalization consistently.

To discuss the magnitude of the coefficient @ of the
parity-nonconserving counter term, consider the La-
grangian density

) 3
—1lf(x)l:w(1+a75)——+#]¢/(x) @
0x,

or the Dirac equation

Civp(14avs)+ulp(p)=0 3)



